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Abstract 

Projecting on a suitable subset of coordinates, a picture is constructed in which the 
conformal boundary of AdSr, x and that of the plane wave resulting in the Penrose 
limit are located at the same line. In a second line of arguments all AdS:^ x and plane 
wave geodesies are constructed in their integrated form. Performing the Penrose limit, 
the approach of null geodesies reaching the conformal boundary of AdS^ x to that of 
the plane wave is studied in detail. At each point these null geodesies of AdS^ x form 
a cone which degenerates in the limit. 



^ dorn@physik.hu-berlin.de, csieg@physik.hu-berhn.de 



1 Introduction 



The AdS/CFT correspondence relates A/" = 4 super Yang-Mills gauge theory in Minkowski 
space to type IIB string theory in AdS:^ x with some RR background flux. But since the 
relevant string spectrum is available only for large values of the t'Hooft coupling, explicit 
tests beyond the supergravity approximation remain a very difficult task. Therefore, a 
lot of activity has been induced by the observation of PP, that a certain sector of A/" = 4 
super Yang-Mills, defined by a convenient restriction to operators with a large angular 
momentum in , can be related to string theory in a much simpler background, namely 
a plane wave arising in some Penrose limit of the original background. '0. 

One of the most puzzling questions in this framework is the issue of holography |2 IH 
EI. In the standard picture the J\f = 4 super Yang-Mills as the dual partner of the 
string theory resides on the conformal boundary of AdSr, x which is a four-dimensional 
Minkowski space. The plane wave is generated by zooming into the neighbourhood of a 
certain null geodesic in AdS^ x followed by a constant rescaling of the metric. In this 
procedure the old boundary is put beyond the new plane wave space. Nevertheless, string 
theoretic quantities referring to the new plane wave are in well established correspondence 
to anomalous dimensions and Green functions of a subsector of the old four-dimensional 
field theory [H |H1 El CDl HH • 

Obviously, a natural starting point for re-establishing some version of the holographic 
picture centers around the analysis of the conformal boundary of the plane wave. Via a 
suitable coordinate transformation in jB] the plane wave was shown to be conformal to an 
Einstein static universe Rx S^. The conformal boundary was found, by inspection of the 
singularities of the Weyl factor, to be an one-dimensional boundary line. This analysis 
has been confirmed also using the more general technique of terminal indecomposable 
pasts (futures) [121 CSl • 

Given these results on the conformal boundary after the limit has been performed, our 
aim in this paper is to shed some light on the behaviour of the boundary in the limiting 
process itself. We follow the formulation in PP, which presents the limit as a limit of the 
metric in given coordinates. 

To this end the AdS^ x metric in global coordinates 

(is2 _ R^ [- dt'^ cosh^ p + dp"^ + smh^ p dnl + d-ilj\os^^ + d^^ + sm^^ dn'^"^) (1) 
via the replacements 

* = .- + ^, * = x--^. p=-. . = 1 (2) 

is transformed to 

ds^ = i?^((ix^)^(cos^ — — cosh^ — ) — 2(ia;^dx^(cos^ — + cosh^ — ) (3) 

^ ' ^ R R' ^ R R' ^ ' 

+ R-\dx-)\cos'' I - cosh^ ^) + dr^ + dy^ + R^ sinh^ ^d^l + R" sin^ ^dn'^^ . 

R R R R 
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Then in the hmit R oo the metric becomes 



pw 



- idx^dx' - X ^{dx^f + {dxf . 



(4) 



Since we now have the same coordinates for the plane wave and AdS^ x S^, we can 
address in section 2 the question about the relative location of the conformal boundary 
of both spaces. This issue will be discussed both in the coordinates just introduced as 
well as in the coordinates used in jH] for the identification of the conformal boundary 
of the plane wave.^ To analyze the causal structure of the field theoretical holographic 
picture geodesies, and in particular null geodesies reaching the holographic screen out 
of the bulk, play a central role. With this motivation we present in sections 3 and 4 a 
complete classification of geodesies in AdS^ x and the plane wave (jH) in their integrated 
form. Because in the chosen framework the relevant Penrose limit is realized as a limit of 
metrics depending on a parameter i? — cxd, it is obvious that locally AdS^ x geodesies 
converge to plane wave geodesies. But our knowledge from sections 3 and 4 will be useful 
for global aspects. In particular it is used in section 5 for a discussion of how differently 
null geodesies approach in both spaces the respective conformal boundary and in which 
sense the AdS^ x null geodesies reaching the ^^5*5 x boundary approach in the limit 
R ^ oo null geodesies running to the plane wave conformal boundary. Finally, section 6 
is devoted to a summary of the results and some conclusions. 



2 Common description of conformal boundaries of 
AdS^ X and the BMN plane wave 



Since the angular coordinate ■?/' in (dJ is constrained by — vr < ip < n, the coordinates x 
and x~ are constrained by 



This is a strip in the {x~^ , 2;~)-plane bounded by the two parallel straight lines with slope 
R^ and crossing the a;"'"-axis at — tt and tt, respectively. For R oo this strip becomes the 
coordinate range — cxd<x~<oo, — n < x^ < tv. Taking the limit for the metric, the 
identification of the two boundaries of the strip is given up, and it makes sense to extend 
to the whole (x"*", x~)-plane. If one wants to avoid the restriction to the strip already 
for finite R, one has to puncture at its poles and to go then to the universal covering 
obtained by allowing i/j to take any real value. 

The sequence of coordinate transformations, done in |6j to analyze the conformal 
boundary of the plane wave geometry (0}, can be summarized as follows. Writing {dx)"^ = 
x'^dflj, the ^7 coordinates remain untouched. Then in a first step one transforms ^ in the 

^For later reference we call them BMN and BN coordinates respectively. 
^Note that our definitions for follow 1 and thus slightly differ from [^. 



R^ x+ - TvR^ < x~ < R^ X 



,+ 



+ ttR^ . 



(5) 
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patch G (— f , f ) the coordinates ,x ,x to 6,LpX 

((1 — x"^) tanx"'" — 4:X~) cosx"*" 

cot 6 = ^ ^ , 

2x (6) 

if ± C 1 2\ + - ^ 

tan — - — = -{1 + X ) tan a: + 2x ± 



2 sin 9 cos 2;+ 

The new coordinates are constrained byO<^^<7r,0<C^7r, \ip ± (\ < tt. The 
second step uses the periodicity properties of the trigonometric functions to glue the 
other x"'"-strips resulting in the final coordinate range 

0<e <n , 0<C<vr, - 00 < (p < 00 . (7) 

Then the plane wave metric, up to a conformal factor, turns out to be that of the Einstein 
static universe Rx S^. The analysis of singularities of the conformal factor, determining 
the conformal boundary of the plane wave, becomes most transparent after a change of 
parametrization of S^. Let denote 21, 2:25 ^ Cartesian coordinates in an embedding R^^, 
then the parametrization by 6*, C is related to that by a, /3 via 

zi = cosC = sin a cos (3 , 

Z2 = cos 9 sin C = sin a sin f3 , 

\z\ = sin 9 sinC = cos a . (8) 

The range for a, /3 is 

< a < I , < /? < 2^ . (9) 
Now the plane wave metric in these BN coordinates takes the form [H] 

(c?s2) ^ 1 (-dip^ + da^ + sin^ a dd^ + cos^ a dQl) . (10) 

^ \e"^ + sma e*^|2 ^ ^ 7; \ j 

The conformal factor is singular iff a = | and ip = (3 + {2k + l)7r , k gZ. Since at a = | 
the S'^ part due the cos^ a factor in front of dQj shrinks to a point, the conformal 
boundary ^ of the plane wave is one-dimensional, see also fig. 1. 

To avoid confusion in comparing fig. 1 with similar looking pictures for AdS:^ x 5*^, 
where the half of some Einstein static universe is depicted, it is appropriate to stress that 
fig. 1 represents the whole Einstein static universe R x although the radius variable 
of the cylinder runs from zero to | only. This range for a is due to its special role in the 
parametrization of S"^ in (jSI). 



^ We shift a to a — and /3 to /3 — tt relative to [HI ■ 

^Here and for the AdS^ x case below, while speaking about the conformal boundary, we omit the 



two isolated points for timelike infinity. 
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Fig. 1 Part of the boundary of AdS^ x 5"^ and of the plane wave in BN coordinates 
(5 = I3 + tt) 

The coordinate transformations just discussed for tlie identification of the conformal 
boundary of the plane wave of course can also be applied to the ^^5*5 x metric. A 
priori these new coordinates are not a favourite choice to give any special insight into 
the AdS^ X geometry. In particular they are not well suited to find the conformal 
boundary. 

But we can turn the argument around. Since we know already the conformal boundary 
of AdS^ X S^, we can look where this boundary is situated in the new coordinates and 
hope to find some illuminating picture for its degeneration in the R oo limit which 
produces the plane wave metric. 

Starting with global coordinates (Q), the conformal AdS^ x boundary is at p — oo 
with all other coordinates kept fixed at arbitrary finite values. Translating this into the 
coordinates of Q it is at r — >• cxd and x'^ ,x~ ,y,Qs,fl'^ fixed at arbitrary finite values. 
Before applying (jH)) we define x for the AdS^ x case by 

r = xcosuj , y = xsinuj , (11) 

i.e. = + y'^. In the following coordinate transformation according to © uj,Q3,Q'^ 
remain untouched. The conformal AdS^ x boundary is now at a; — oo, u; ^ and 
x^ , x~ fixed at arbitrary finite values. Then from the first equation ® one finds 
(as above we again start with < | and glue the other x"*" patches afterwards) 

lim e = 71 , lim ^ = , lim 9 = - . (12) 

a;— >oo, x+>0 a;— »oo, x+<0 x— >oo, x+=0 2 

Furthermore, by coupling x"*" — » in a suitable way with x ^ oo one can reach any 
9 e (0,7r) 

lim 9 = arctan(-2c"^) . (13) 

X— >oo, x'^=c/x 
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Fig. 2 Part of the boundary of AdS^ x and of the plane wave in {ip.X-,0) coordinates 



The second equation of (0) tlien yields 



x+ < (i.e. 6* ^ 0) 
x+ > (i.e. e ^n) 



(14) 

+ C \ J finite I I LP — Q\ Joo 



tan — - — \ ^ { > , tan 



X — *• CXD 



cxD J ' \ 2 / I finite 
In addition one gets for x — > oo coupled as in (fTSj) with 2;+ ^ 

x^oo, 0<^^<7r =^ tan ^ '^ ^ — > ±00 . (15) 

Putting together (fT^ - (fTH|) . we see that in the projection onto the three coordinates 6, C, 
the conformal boundary of the (|x^| < ^)-patch of AdS^^ x 5*^ is mapped to the one- 
dimensional line starting at (99, C, 6) = (— vr, 0, 0), running first with 9 = and C — = tt 
to ((/), C, ^) = (0, TT, 0), then with = and ( = tt to (</?, C, 6*) = (0, tt, tt) and finally with 
9 = n and + C = tt to ((/?, C, 6*) = (tt, 0, vr), see also fig. 2. 

Translating this via (jHI) into the coordinates ^p, a, (3 we find the line^ a = |, 
/3 = TT + — TT <(/?< + TT. After gluing the other x^-patches we can conclude: 

The projection onto the coordinates ((/?, a, 13) of the conformal boundary of AdS^ x S*^ 
coincides with that of a part of the conformal boundary of the plane wave That in 
this projection only a part of the plane wave boundary line appears as the AdS^ x 

^Note that the piece from ((p, 9) — (0, tt, 0) to [ip, C, 9) = (0, tt, tt) with ip = and C = tt is mapped 
to one point (93, a, /?) = (0, ^, tt). 
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boundary is due to the restriction to the AdS^ x S'^-strip (0). Note that this restriction 
can be circumvented as discussed at the beginning of this section. 

Taking into account the other seven coordinates, the AdS^ x boundary is of course 
not one-dimensionaL But by using the same coordinates both for AdS^ x and the plane 
wave, we now have visuahzed the degeneration of the conformal boundary in the process 
of approaching the plane wave limit. In the projection to three of the BN coordinates 
{tp, a, (3) the boundary stays throughout this process at the same location. The extension 
in the remaining coordinates degenerates to a point in the limit. 

The picture is more involved if one compares the two boundaries in the BMN coordi- 
nates ( ). As noted in jH], due to the singularity of the coordinate transformation 
on the boundary line in ((/?,q;,/3), the limits in (x+,x~,a;) which map to this boundary 
line are not unique. Besides 

Limit (i): x — > cx) , x^, x~ finite , (16) 

just discussed above, the second limit is 

Limit (ii): a;~ — ± finite , (17) 

as trivially seen from (jUj). 

Now the situation looks a little bit cumbersome. The conformal boundary of AdS^ x 
is realized via limit (i), that of the plane wave via both limits (i) and (ii), although the 
the plane wave itself is a limit of AdS^ x S^. 

To get a better understanding of this situation, we are now asking what happens in 
the i? — > CX3 limit with geodesies, in particular null geodesies, which reach the conformal 
AdSr, X boundary. After an explicit construction of all the geodesies both for AdS^ x 5"^ 
and the plane wave (@]) in the next two sections, we come back to this question in section 
5. 

3 Geodesies in AdS^ x 

We start with the AdS^ x metric in global coordinates 

ds^ = R\- dt^ cosh^ p + dp^ + sinh^f^^s + ^^^5) • (18) 

The geodesic equations for the AdS^ and coordinates decouple. Geodesies on 5"^ are 
great circles. Whether the geodesic in the total manifold AdS^ x moves in 5"^ or stays at 
a fixed position has consequences for the overall causal property (space-like, time-like, 
null) only. There is no effect on the AdS^ coordinates. Therefore we can concentrate on 
the AdS^ part. Then the geodesic equations for t,p appearing in (fTHj) explicitly, as well 
as for 0*, z = 1, 2, 3 being orthogonal coordinates on the 3-dim unit sphere ^3, are 

i + 2p itanhp = , (19) 
p + {it — (piipihi) sinh p cosh p = , (20) 
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if)' + 20Vcothp + 0^0^7fci = . (21) 

The dot indicates differentiation with respect to an affine parameter r. hi denotes the 
diagonal entries of the VL^ metric and the 7^^- are the related Levi-Civita connection coef- 
ficients. 

Since the radius of the contribution in (fTHj) depends on p, the separation of the 
movement in is not as trivial as the separation of the 5*^ movement. However, the 
/9-dependence in eq. fl?I|) appears as a factor of 0i only. This means that this equation 
describes within VL^, a geodesic, but our parameter r, defined to be an affine one with 
respect to the geodesic as a whole, is not affine for the f^s part treated separately on its 
own. Defining a new parameter a = /(r) as a solution of the differential equation 

/ + 2p/coth/9 = , (22) 

eq. (PT|) becomes equivalent to (the prime stands for ^) 

<P"' + 0'V'^7fc, = . (23) 

Now we are sure that the length of the tangential vector in terms of the 3-dim unit 
sphere metric is constant, i.e. (j)'^(t)'^hi = C3 > 0. Transforming this back to 0* we get 

<iy'<P'h = C3f\ C3 > . (24) 

The freedom to multiply an affine parameter by a constant can be used to choose C3 = 1 
or C3 = (for 0* = const). However, in eq. the option C3 = is no longer necessary, 
since constant 0* can be realized via / = 0. Therefore, from now on we put C3 = 1 for all 
cases. Inserting then ()24|) into ()20|) we arrive at 

p + (it - //) sinh p cosh p = 0, (25) 

and see that the movement in p and t is influenced by a possible movement within the 
unit 3-sphere coordinates of AdS^ only via one function /(r) which on its own couples 
back to p via (j22I)- 

Summarizing the discussion so far, the coordinates in ^3 either remain constant (/ = 
0) or describe a movement on a great circle (/ 7^ 0). In addition, the system of five coupled 
equations for the coordinates p, t, 0^, 0^, 0^ is reduced to the three coupled equations 
(PI), (123) and ^ for p,t,f. 

Straightforward integration of (jl9|) and (j22|) yields 

i = 2~ ) / = T~ ' ^' ^ constant . (26) 

cosh p sinh p 

With (P^j) this gives an equation for p alone 

p + o— sinh p — o— cosh p = . (27) 

cosh p sinh p 



7 



Instead of solving this equation directly, we found it more convenient to make a small 
detour. Since our parameter r is an affine one, the scalar product of the tangential vector 
with itself in the sense of the AdS metric is a constant along the geodesic, we call it C5. 
Then using (j211) , (EHl) we get 

sinh^ p cosh^ p 

Are all solutions of also solutions of (jlTj)? At first the constancy of the scalar product 
of the tangential vector with itself is of course a much weaker condition than the geodesic 
equations. But in writing down (f^H|) we already have implied the geodesic equations for 
all coordinates, except for p. Under these circumstances, at least as long as p 7^ 0, the 
constant scalar product condition is equivalent to the geodesic equation for the last coor- 
dinate p. 

Since is a non-negative quantity, from pH|) and 

— - I < i!^ + 52 

-R^ sinh^ p cosh^ p ~ W 

as a byproduct, we find a constraint on C5 and the integration constant h 

-| + 6^ > . (29) 

For further analyzing the consequences of the positiveness of both sides of eq. PH|1 we 
introduce the abbreviations 

A= B = h- + C = (30) 

Then first of all, by these definitions and the inequality ()29j) the constants ^4, S, C are 
universally constrained by 

C<0, 5>A + C, B > C . (31) 

In addition, checking whether there are real p- values for which the r.h.s. of ()28|1 is non- 
negative, it turns out that only four classes of ranges'' of the constants A, 5, C are allowed. 
Integrating case by case first (j^Hj) and then ()26p for the four classes one finds: 

^The special case A = _B = C = corresponds to a point, not to a curve. 
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A > , 

- AAC - B , 2 

< ^ — < sinhV, 



t = ± arctan ;= + h , 

/ = ±arctan| | + 



A < . 52 - 4AC > , B > . 



^ ^ B-VB^- AAC ^ . ^2 ^ B + VB^- AAC 

< : < smn p < 

-2A - ^ - -2A 



arsh^ ^j{B ± VW^^AAC sm{2^/^{T + To))) , 

±1 ^.ecotf 2v/^bcos(2v/^(r + ro)) ^ 

2 V VB^ - AAC ±{B- 2A) sin(2^^(r + Tq)) , 

,1 V 2v^6cos(2v^(r + ro)) \ , „ 

±- arccot = ^ — + Jo , 

2 \ - AAC ± B sin(2^^(r + tq)) / 



A = , B > , 

-c , 2 

< — - < smn p , 
B 



p = arsh-y/ B(t + ro)^ - 
S(r + ro) 



t — arctan 
/ = arctan 



b 

B{t + To] 



c 




B ' 




+ 


to 


+ 


fo 
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type IV 



A < 



B' - AAC 



sinh p 



B 

' 



B > 



(38) 



B 



p = arsh , , 
^ " -2A 

t = T + to 



f = T + f, 



(39) 



• 



Perhaps it is useful to stress, that in the absence of any movement in fia, i.e. for 
C = 0, the formulas PHj). and (|?fj) for p simplify to 

type I with C=0 



P 



type II with C=0 



type III with C=0 



arsh 



arsh 



\B\ 
~A 



sinh {/A{t + Tp)) I 



I sin (v^(t + T^)) 



P 



arsh {^^/B |r + tq 



(40) 



(41) 



(42) 



The ± alternative in ()33p and ()35|) has been absorbed into the shift of the integration 
constant tq to Tq. 

The causal properties of the geodesies and their relation to the conformal boundary 
(note footnote 5) can be summarized in the following table. 



type 


causal propert. w.r.t. 

AdS^ 


causal propert. w.r.t. 
AdS^ X 


reaches conf. bound. 

of AdS^ X 


I 


space-like 


space-like 


yes 


II 


time-like 


all 


no 


III 


null 


null or space-like 


yes 


IV 


time-like 


all 


no 



For later use it is important to stress, that null geodesies in the sense of full AdS-^ x S"^ 
reaching the boundary have to be of type III. For them no movement in is allowed 
while a movement in 5"^ is possible as long as }? > \? . 
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4 Geodesies in the plane wave 

Here the metric is 

ds"^ = - Adx^dx- - X ^{dx+f + {dxf , (43) 
and yields the geodesic equations 

x+ = , (44) 

X" + ^ i^^x ^ = , (45) 

x' + (x^fx' = . (46) 

()44|1 imphes hnear dependence of x^ on the the affine parameter r 

x^ = ar + x^ . (47) 
Obviously now the geodesies fall into two classes, type A with a = and type B with 

type A 

x~^ = const , x~ = (3t + Xq , x^ = 7V + Xq . (48) 

The scalar product of their tangential vector with itself is given by (7*)^. This implies: 

All type A geodesies are null or space-like. Space-like type A geodesies reach infinity 
in the transversal coordinates x. Type A null geodesies are given by constant x"*" and x* 
as well as x~ running between ±00. 

type B 

Then we have (ITTj) with a 7^ 0, and the integrations of pSjl . pUj) yield in addition 



x' = /3^sin(a(r + r^)) , (49) 



X- = - y iP'y sin {2a{T + 4)) + 7T + . (50) 



The scalar product of the tangential vector with itself is now equal to — 4a7, and we 
conclude: 

All type B geodesies either stay at x = (for (3 = 0) or oscillate in the transversal 
coordinates x* (for f3 ^ 0). All space or time-like type B geodesies (7 7^ 0) reach ±00 
both in x"*" and x~ . Type B null geodesies (7 = 0) reach ±00 only with respect to x^. 
Furthermore, they stay at fixed x and x~ {(3 = 0) or oscillate both in x and x~ (/3 7^ 0). 

In conclusion null geodesies reaching the conformal boundary of the plane wave, see 
()16|) . (fT7j) . are necessarily of type A. There are no null geodesies reaching the conformal 
boundary within the asymptotic regime of limit (i). 
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Closing this section we comment on a simple discussion of the plane wave null geodesies 
in using the BN coordinates of (fTUj) . In general null geodesies are invariant under a Weyl 
transformation. Such a transformation only effects the choice of affine parameters along 
the null geodesies. Null geodesies with respect to (fTUI) without the Weyl factor are given by 
great circles in accompanied by a compensating movement along the time-like direction 
(f. If we discuss as an embedding in reaching a = | is equivalent to reaching 
the {zi, 2;2)-plane. There are of course great circles within this plane. They correspond to 
null geodesies either winding at a = | in constant distance to the conformal plane wave 
boundary around the cylinder in fig. 1 up to — ±00 or they wind in the orthogonal 
direction crossing the conformal plane wave boundary. In the sense of R x there is 
nothing special with such a crossing. But going back to the metric including the Weyl 
factor, starting from an inside point, the boundary is reached at infinite affine parameter. 
Furthermore, there are of course great circles staying completely away from the [zi, Z2)- 
plane (i.e. a = |). They correspond to null geodesies generically oscillating in < a < | 
and running up to ^ ±00. Finally, great circles can also intersect the {zi, Z2)-pla.iae. 
Then they correspond to null geodesies oscillating in a and touching a = |. Obviously 
some of them reach the conformal boundary line of the plane wave. According to the 
above analysis in BMN coordinates they are of type A, too. 

5 Conformal boundaries and geodesies 

As discussed in section 3, only null-geodesies of type III reach the conformal boundary 
of AdS^ X S^. They necessarily stay at fixed S'^-position. Translating (|H7|) into the 
coordinates of (jHj) we get 



X 



X 



1 / ,B(t + To). \ 
-I arctan ( j + to + tp j , 

— I arctan ( j + to - tp j , 

I C (51) 

r = R arshW B{t + To)^ - — , 

/ = arctan [^^—^^) + fo , 


y = R0 . 

Our goal is to find in the R 00 limit a correspondence to null geodesies of the plane 
wave. Therefore, our AdS^ x geodesies have to stay at least partially within the range 
of finite x~^ , x~ ,r, y. Taking R ^ 00 at fixed r would send all x~ to infinity. But of course 
the affine parameter itself is determined only up to a constant rescaling. Therefore, the 
best procedure is to eliminate the affine parameter completely. 

First from (j5T| we conclude, that along the full range of a type III null geodesic, 
i.e. for (—00 < r < 00), the coordinate x~^ runs within an interval of length ^: x~^ G 
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(|(to + "0) ~ f ) |(^o + ^) + f ) and x runs within an interval of length 



X 



— |),i?^(^^2^ + jj) . To ensure that the x interval for i? oo stays at least 



2 4^' " V 2 

partially within the range of finite values both endpoints of the interval have to have the 
opposite sign. Thus we have to restrict to and ip by 



TT 

2 



< to -i) < 



71 

2 



In addition one has universally 



l/(r = +oo) - fir 



-oo 



7T 



(52) 



(53) 



From / can be understood as the angle along the great circle in on which our 
null geodesies is running. Therefore, for type ///geodesies the positions for r = — oo and 
T = +00 within the are always antipodal to each another. ^ 

After these preparations we now eliminate the affine parameter and express x~^, r and 
/ in terms of x~ (note that for type III we have ^4 = and B = — b"^) 



X 



X 



/?2 

r = R arsh 



tan2(f^-to + ^) + g 



1 _ i>2 



(54) 



f = fo + arctan [ ^ tan (-^ 



to + i^)] , 



2/ = /?^ . 
The minimal value for r is 



/? arsh 




Since we insist on finite Tmin for /? — >• cxd we have to rescale {tq = lim^^^oo '"min) 



\b\ 

Although we have now realized finite rmin, 
for R 



R 



(55) 



the X value where rmin is reached stays finite 



oo only if ()52|) is replaced by the stronger rescaling condition 

^0 - ^ 



a 



(56) 



Altogether, to stay at least with part of the type III null geodesies within the range of 
finite BMN coordinates, it is mandatory to perform the rescalings (jSSI), (j^^ and to keep 
y fixed. The remaining parameters replacing to, b, /o, 9 are ip, a, b, ro, /q, y. 

*In the limiting case, where the null geodesies goes through r = 0, / becomes a step function. 
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Considering now at fixed x the i? — > oo limit of one arrives at 



/ = /o + O(^) , 



(57) 



= const . 



Constant r, y via (fTT|) give constant x. In addition, constant /, i.e. no movement in the 
S"^, and the a priori absence of any movement in 5"^ leads to constant x. This together 
with the constancy of x"*" implies: 

An AdS^ X 5"^ null geodesies, reaching the conformal boundary, for any finite x~- 
interval at — oo converges uniformly to a type A null geodesies of the plane wave. 

However, the approach of the AdS^ x null geodesies to the conformal boundary of 
AdS^ X is reahzed within the asymptotic regime of limit (i), see (fTBj) . (fFT|) . but that 
of the plane wave null geodesies within the regime of limit (ii), see (jl7j) and text after 
(|48p . That means even for large i?, after a region of convergence, on their way to the 
boundary they diverge from one another at the very end (in the coordinates 
under discussion). 

In a global setting the situation is most simply illustrated for type III null geodesies 
crossing the origin of the transverse BMN coordinates x, i.e. ro = y = 0. We also put 
a = 0, the case a ^ can be simply recovered by the replacement x~ — >■ x~ — |. Then 
first of all x~ runs between ± j R"^. Furthermore, implies (6(2;) step function) 



The plane wave geodesic is at x = ?/ = r = 0, — cxd < x~ < 00. It is the uniform limit 
for i? — >■ cxo in the region < i?^"*^. This convergence is due to the different powers of 
R on the l.h.s. and in the argument of the function F on the r.h.s. of ()58|) . see also fig. 3. 

The picture in fig. 3 has to be completed by the freedom to choose a point on to 
fix the direction in the space of the x coordinates. This completely specifies the type III 
null geodesies under discussion. Then the conformal boundary reaching null geodesies 
of AdS X crossing the origin of the transversal BMN coordinates x = form a cone 
with base S^. The three parameters to specify the 5"^ position together with i/j nicely 
correspond to the four- dimensionality of the ^4^5' x 5*^ boundary. In the R 00 limit 
this cone degenerates. 

6 Conclusions 

Using BN coordinates the conformal boundary of the plane wave ^ has been identified 
as an one dimensional line [Hj. Drawing three of the BN coordinates {ip,a,(3), the plane 



^ = Fi^) , with F{z) - 

f = fo ±1 (2e(x-) - 1) . 



arsh| tan(22;)| 



(58) 
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5 10 15 20 



Fig. 3 Approach of boundary reaching AdS^ x 5*^ null geodesies to a boundary reaching 
null geodesies of the plane wave. The plane wave null geodesies runs along the horizontal 
axis up to infinity. The plot shows r versus x~ for AdS^ x null geodesies / f3^) in the 
cases R=l, 2, 3, 4, 5, 6, 20, 50. 

wave is mapped to a cylinder of infinite length and radius |. To any point inside this 
cylinder belongs a S'^. These S'^ degenerate to a point on the tube of radius |. The 
conformal boundary line spirals around the tube of radius |. 

In this paper we have shown that using the same BN coordinates for AdS^ x its well 
known conformal boundary, in the projection to the three coordinates {ip,a,f3), appears 
to be located at the same spiraling line as the conformal boundary of the plane wave. Of 
course for AdS^ x on this line the extension with respect to the other 7 coordinates 
is not degenerated to a point. But we have generated a perhaps useful intuitive picture: 
The boundary is always at the same line, taking the limit R —>■ oo the extension in the 
remaining 7 coordinates shrinks to a point. ^ 

Switching from BN coordinates back to BMN coordinates, it turned out that, due 
to the singularity of the coordinate transformation at the boundary line, the approach 
to this line is realized within two different asymptotic regimes of the BMN coordinates, 
called (i) and (ii) in ()16|). (fT7|) . Only one of these regimes corresponds to the conformal 
boundary of AdS^ x S^. 

Insight into the causal relations between bulk and boundary in the limiting process 
can be obtained by analyzing the behaviour of geodesies reaching the respective boundary. 

We have given a complete classification for all geodesies, both for the original full 
AdS^ x and the plane wave. This classification is based on different ranges for three 
specific integration constants. Among the AdS:^ x 5*^ null geodesies only those of type III 
reach the conformal boundary. In BMN coordinates this approach is within the asymptotic 
regime (i). In contrast, null geodesies of the plane wave reaching the conformal plane wave 

^This then implies also the degeneration of the 3 remaining dimensions of the conformal boundary of 
AdS5 X S'5. 
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boundary approach its boundary within regime (ii). First of all this obviously implies that 
for i? oo the convergence of AdS^ x 5"^ geodesies to plane wave geodesies cannot be 
uniform. Using our explicit formulas for the geodesies we were able to discuss the issue 
of convergence in more detail. 

The convergence is uniform in the region \x^\ < R^~^. Beyond this region, at any 
fixed R, the null geodesies of AdS^ x and the plane wave diverge while approaching the 
respective conformal boundary. Then the plane wave null geodesies runs up to \x^\ oo 
but stays at finite values for the remaining coordinates. On the other side, the AdS^ x 
null geodesies asymptotes to a;~ = ±|i?^ while some of the coordinates different from 
and x~ diverge. The fact of converging geodesies within \x~\ < i?^"*^ fits into the naive 
picture that in BMN coordinates the AdS^ x space up to the order of magnitude of R 
looks like a plane wave. 

The analysis of global properties of the null geodesies of AdS^ x 5"^ crossing the 
origin of the transversal part of the BMN coordinates, given at the end of section 5, can 
be straightforwardly generalized to geodesies passing this origin at a nonzero distance. 
Therefore, we conclude that at each point with finite BMN coordinates the null geodesies 
of AdS^ X reaching the conformal boundary form a three-dimensional cone. For R — > oo, 
in the range where the BMN coordinates stay fixed or grow slower than R, this cone 
degenerates to the single plane wave null geodesic crossing the point under consideration 
and reaching the plane wave conformal boundary. Therefore all points in this range 
effectively notice a degeneration of the boundary. 
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